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1|Preliminaries
This section presents the fundamental concepts and definitions that underpin the discussions in this paper.
Throughout this paper, all structures and sets are assumed to be finite.

1.1|Rough Set
A rough set approximates a subset by means of lower and upper approximations defined through equivalence
classes, thereby providing a systematic framework for representing certainty, uncertainty, and boundary infor-
mation in set membership [1, 2]. Numerous extensions of rough-set theory have also been developed, including
fuzzy rough sets [3, 4, 5], intuitionistic fuzzy rough sets [6, 7], neutrosophic rough sets [8, 9, 10], soft rough sets
[11, 12], uncertain rough sets [13], and plithogenic rough sets [14, 15, 16]. These developments demonstrate the
broad applicability and continuing importance of rough-set research in the analysis of incomplete, imprecise,
and uncertain information. Furthermore, related concepts such as rough graphs [17, 18] and rough algebras [19]
are also known. The fundamental definitions are provided below.

Definition 1. (Rough Set Approximation). [20] Let 𝑋 be a non-empty universe of discourse, and let 𝑅 ⊆ 𝑋×𝑋
be an equivalence relation (or indiscernibility relation) on 𝑋. The equivalence relation 𝑅 partitions 𝑋 into
disjoint equivalence classes, denoted by [𝑥]𝑅 for 𝑥 ∈ 𝑋, where:

[𝑥]𝑅 = {𝑦 ∈ 𝑋 ∣ (𝑥, 𝑦) ∈ 𝑅}.

For any subset 𝑈 ⊆ 𝑋, the lower approximation 𝑈 and the upper approximation 𝑈 of 𝑈 are defined as follows:

(1) Lower Approximation 𝑈 :
𝑈 = {𝑥 ∈ 𝑋 ∣ [𝑥]𝑅 ⊆ 𝑈}.

The lower approximation 𝑈 includes all elements of 𝑋 whose equivalence classes are entirely contained
within 𝑈 . These are the elements that definitely belong to 𝑈 .

(2) Upper Approximation 𝑈 :
𝑈 = {𝑥 ∈ 𝑋 ∣ [𝑥]𝑅 ∩ 𝑈 ≠ ∅}.

The upper approximation 𝑈 contains all elements of 𝑋 whose equivalence classes have a non-empty
intersection with 𝑈 . These are the elements that possibly belong to 𝑈 .

The pair (𝑈, 𝑈) forms the rough set representation of 𝑈 , satisfying the relationship:
𝑈 ⊆ 𝑈 ⊆ 𝑈.

Example 1. (Concrete computation of lower/upper approximations). Let the universe and indiscernibility
(equivalence) classes be

𝑋 = {1, 2, 3, 4, 5, 6, 7, 8},

[1]𝑅 = [2]𝑅 = {1, 2} =∶ 𝐶1,
[3]𝑅 = [4]𝑅 = [5]𝑅 = {3, 4, 5} =∶ 𝐶2,
[6]𝑅 = [7]𝑅 = {6, 7} =∶ 𝐶3,
[8]𝑅 = {8} =∶ 𝐶4.

Fix the target set 𝑈 = {1, 2, 6, 8}.

Lower approximation 𝑈 . We include those 𝑥 ∈ 𝑋 whose entire class is inside 𝑈 :
𝐶1 = {1, 2} ⊆ 𝑈 ⇒ {1, 2} ⊆ 𝑈,
𝐶2 = {3, 4, 5} ⊈ 𝑈 ⇒ {3, 4, 5} ∩ 𝑈 = ∅,
𝐶3 = {6, 7} ⊈ 𝑈 ⇒ {6, 7} ∩ 𝑈 = ∅,
𝐶4 = {8} ⊆ 𝑈 ⇒ {8} ⊆ 𝑈.

Hence
𝑈 = {1, 2, 8}.
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Upper approximation 𝑈 . We include those 𝑥 ∈ 𝑋 whose class meets 𝑈 :
𝐶1 ∩ 𝑈 = {1, 2} ≠ ∅ ⇒ {1, 2} ⊆ 𝑈,
𝐶2 ∩ 𝑈 = ∅ ⇒ {3, 4, 5} ∩ 𝑈 = ∅,
𝐶3 ∩ 𝑈 = {6} ≠ ∅ ⇒ {6, 7} ⊆ 𝑈,
𝐶4 ∩ 𝑈 = {8} ≠ ∅ ⇒ {8} ⊆ 𝑈.

Thus
𝑈 = {1, 2, 6, 7, 8}.

Verification and regions. We have
𝑈 = {1, 2, 8} ⊆ 𝑈 = {1, 2, 6, 8} ⊆ 𝑈 = {1, 2, 6, 7, 8}.

Boundary and negative regions are
BND𝑅(𝑈) = 𝑈 ∖ 𝑈 = {6, 7}, NEG𝑅(𝑈) = 𝑋 ∖ 𝑈 = {3, 4, 5}.

Rough membership (constant on classes). For 𝑥 ∈ 𝑋,

𝜇𝑈(𝑥) = |[𝑥]𝑅 ∩ 𝑈|
|[𝑥]𝑅| =

⎧{{
⎨{{⎩

1 (𝑥 ∈ 𝐶1 = {1, 2}),
0 (𝑥 ∈ 𝐶2 = {3, 4, 5}),
1
2 (𝑥 ∈ 𝐶3 = {6, 7}),
1 (𝑥 ∈ 𝐶4 = {8}).

Hence elements in 𝑈 have 𝜇𝑈 = 1, elements outside 𝑈 have 𝜇𝑈 = 0, and the boundary {6, 7} carries uncertainty
𝜇𝑈 = 2

1 .

1.2|Classical Structure, Hyperstructure, and 𝑛-Superhyperstructure
A Classical Structure is a broad mathematical framework. A Hyperstructure is obtained by applying the powerset
construction [21, 22, 23], while an 𝑛-Superhyperstructure arises by iterating that construction 𝑛 times [24, 25,
26, 27]. Intuitively, the 𝑛-th powerset is the result of repeatedly applying the powerset operator 𝑛 times. The
basic definitions and concise examples are recalled below.

Definition 2. (Powerset). [28] The powerset of a set 𝑆, denoted 𝒫(𝑆), is the collection of all subsets of 𝑆,
including the empty set and 𝑆 itself:

𝒫(𝑆) = { 𝐴 ∣ 𝐴 ⊆ 𝑆 }.

Definition 3. (𝑛th Powerset). (cf. [24]) For any set 𝐻, define the iterated powersets by
𝒫1(𝐻) = 𝒫(𝐻), 𝒫𝑛+1(𝐻) = 𝒫(𝒫𝑛(𝐻)) (𝑛 ≥ 1).

Equivalently, set 𝒫0(𝐻) = 𝐻 and for all 𝑘 ≥ 0,
𝒫𝑘+1(𝐻) = 𝒫(𝒫𝑘(𝐻)).

The nonempty 𝑛th powerset removes the empty set at each stage. Writing 𝒫∗(𝑋) = 𝒫(𝑋) ∖ {∅}, define

𝒫∗1(𝐻) = 𝒫∗(𝐻), 𝒫∗(𝑛+1)(𝐻) = 𝒫∗(𝒫∗𝑛(𝐻)) (𝑛 ≥ 1).

Example 2. (University course planning as an iterated powerset model). Let the base set of available single–
semester courses be

𝐻 = {Math(M), CS(C), Physics(P)}.
Then |𝐻| = 3 and

𝒫(𝐻) = {∅, {𝑀}, {𝐶}, {𝑃}, {𝑀, 𝐶}, {𝑀, 𝑃 }, {𝐶, 𝑃 }, {𝑀, 𝐶, 𝑃 }}, |𝒫(𝐻)| = 23 = 8.
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Level 1 (study plans): an individual study plan is any subset of courses, e.g.
𝑆1 = {𝑀, 𝐶}, 𝑆2 = {𝐶, 𝑃 }, 𝑆3 = {𝑀, 𝑃} ∈ 𝒫(𝐻).

Level 2 (degree templates): a degree template is a set of admissible study plans; hence it is an element of
𝒫2(𝐻) = 𝒫(𝒫(𝐻)).

For instance,
𝑇 = { 𝑆1, 𝑆2 } = { {𝑀, 𝐶}, {𝐶, 𝑃} } ∈ 𝒫2(𝐻),

meaning “either take {M,C} or {C,P}.”

Level 3 (catalog options): a catalog option is a set of degree templates, i.e. an element of
𝒫3(𝐻) = 𝒫(𝒫2(𝐻)).

For example,
𝒦 = { 𝑇 , 𝑇 ′ } with 𝑇 ′ = { {𝑀, 𝐶, 𝑃}, {𝐶} },

so 𝒦 ∈ 𝒫3(𝐻) is interpreted as a catalog offering two alternative degree templates 𝑇 and 𝑇 ′.

Membership checks (explicit):
𝑆1 ∈ 𝒫(𝐻), 𝑇 ∈ 𝒫(𝒫(𝐻)) = 𝒫2(𝐻), 𝒦 ∈ 𝒫(𝒫2(𝐻)) = 𝒫3(𝐻).

If empty choices are disallowed, replace each 𝒫 by the nonempty variant 𝒫∗; then 𝑆𝑖 ∈ 𝒫∗(𝐻), 𝑇 ∈ 𝒫∗2(𝐻),
and 𝒦 ∈ 𝒫∗3(𝐻).

Definition 4. (Classical Structure). (cf. [24, 29]) A Classical Structure is a mathematical system on a
nonempty set 𝐻, equipped with one or more Classical Operations satisfying designated Classical Axioms. Con-
cretely, a Classical Operation is a map

#0 ∶ 𝐻𝑚 → 𝐻,
where 𝑚 ≥ 1 and 𝐻𝑚 is the 𝑚-fold Cartesian product of 𝐻. Typical examples include addition and multiplica-
tion in algebraic structures such as groups, rings, and fields.

Definition 5. (Hyperoperation). (cf. [30, 31]) A hyperoperation generalizes a binary operation by allowing
the result of combining two inputs to be a set rather than a single element. For a set 𝑆, a hyperoperation ∘ is
a map

∘ ∶ 𝑆 × 𝑆 ⟶ 𝒫(𝑆).

Definition 6. (Hyperstructure). (cf. [24, 32, 33, 34, 29]) A Hyperstructure extends a Classical Structure by
operating on the powerset of a base set. Formally,

ℋ = (𝒫(𝑆), ∘),
where 𝑆 is the base set, 𝒫(𝑆) its powerset, and ∘ an operation defined on subsets of 𝑆. Hyperstructures thus
enable operations on collections of elements, not only on single elements.

Example 3. (HyperStructure in public transit: two–leg layover selector). Let 𝑆 = {A, B, C, D, E} be bus
stops in a small network. Directed links (one–hop rides) are

A → C, A → D, B → C, C → D, C → E, D → E.
Define a hyperstructure (𝒫(𝑆), ∘) by the operation

∘(𝐴, 𝐵) ∶= { 𝑣 ∈ 𝑆 ∣ ∃𝑎 ∈ 𝐴, ∃𝑏 ∈ 𝐵 ∶ (𝑎 → 𝑣) ∧ (𝑣 → 𝑏) }, 𝐴, 𝐵 ⊆ 𝑆.
Thus ∘(𝐴, 𝐵) returns the set of layover stops 𝑣 enabling a 2-leg route from some 𝑎 ∈ 𝐴 to some 𝑏 ∈ 𝐵.

Concrete computation with 𝐴 = {A, B} and 𝐵 = {D, E}:
From A ∶ A → {C, D}; C → {D, E} (⇒ C ∈ ∘), D → {E} (⇒ D ∈ ∘).
From B ∶ B → {C}; C → {D, E} (⇒ C ∈ ∘).

Therefore
∘({A, B}, {D, E}) = {C, D} ⊆ 𝑆.
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This is a real–world hyperstructure: the “product’’ of two sets of origins/destinations is a set of feasible transfer
points rather than a single element.

Definition 7. (SuperHyperOperations). (cf. [24]) Let 𝐻 be nonempty and write 𝒫0(𝐻) = 𝐻, 𝒫𝑘+1(𝐻) =
𝒫(𝒫𝑘(𝐻)) for 𝑘 ≥ 0. A SuperHyperOperation of order (𝑚, 𝑛) is an 𝑚-ary mapping

∘(𝑚,𝑛) ∶ 𝐻𝑚 ⟶ 𝒫∗
𝑛(𝐻),

where 𝒫∗
𝑛(𝐻) denotes either the 𝑛-th powerset with the empty set excluded (classical-type) or included

(neutrosophic-type):

• If the codomain excludes ∅, we speak of a classical-type (𝑚, 𝑛)-SuperHyperOperation.

• If the codomain allows ∅, we speak of a neutrosophic (𝑚, 𝑛)-SuperHyperOperation.

These maps generalize hyperoperations to multi-level settings via iterated powersets.

Definition 8. (𝑛-Superhyperstructure). (cf. [24, 29]) An 𝑛-Superhyperstructure further generalizes a Hyper-
structure by operating on the 𝑛-th powerset:

𝒮ℋ𝑛 = (𝒫𝑛(𝑆), ∘),
where 𝑆 is the base set, 𝒫𝑛(𝑆) the 𝑛-th powerset of 𝑆, and ∘ an operation defined on 𝒫𝑛(𝑆). This iterative
framework supports increasingly hierarchical and complex relationships.

Definition 9. (SuperHyperStructure of order (𝑚, 𝑛)). (cf. [35]) Let 𝑆 be nonempty and 𝑚, 𝑛 ≥ 0. A
(𝑚, 𝑛)-SuperHyperStructure of arity 𝑠 is any map

⊙(𝑚,𝑛) ∶ (𝒫𝑚(𝑆))𝑠 ⟶ 𝒫𝑛(𝑆).
Special cases recover standard settings: 𝑚 = 𝑛 = 0 yields ordinary 𝑠-ary operations; 𝑚 = 0, 𝑛 = 1 yields
hyperoperations; and 𝑠 = 1 corresponds to superhyperoperations.

Example 4. (SuperHyperStructure of order (𝑚, 𝑛) = (1, 2) for meal planning bundles). Let 𝑆 =
{Ch, T, Br, Sp, R, Q} denote foods: chicken (Ch), tofu (T), broccoli (Br), spinach (Sp), rice (R), quinoa (Q).
We form 3–item dinner bundles: one protein, one vegetable, one starch.

Define the (𝑚, 𝑛) = (1, 2) superhyperoperation (arity 𝑠 = 3)

⊙(1,2) ∶ 𝒫(𝑆)3 ⟶ 𝒫2(𝑆), ⊙(1,2)(𝐴, 𝐵, 𝐶) ∶= { 𝑌 ⊆ 𝑆 ∣ |𝑌 | = 3,
|𝑌 ∩ 𝐴| = 1, |𝑌 ∩ 𝐵| = 1, |𝑌 ∩ 𝐶| = 1 },

i.e., the output is a family of menus (a set of 3–element subsets), hence an element of 𝒫2(𝑆).
Take concrete ingredient sets:

𝐴 = {Ch, T} (proteins), 𝐵 = {Br, Sp} (vegetables), 𝐶 = {R} (starches).
Then the superhyperoutput enumerates all feasible menus (exactly |𝐴| ⋅ |𝐵| ⋅ |𝐶| = 2 ⋅ 2 ⋅ 1 = 4):

⊙(1,2)(𝐴, 𝐵, 𝐶) = {{Ch, Br, R}, {Ch, Sp, R}, {T, Br, R}, {T, Sp, R}}
∈ 𝒫2(𝑆).

Real–world reading: inputs are sets of available items per category, and the output is a set of menus (higher–level
objects), which is precisely a (1, 2)–SuperHyperStructure behavior.

1.3|Near Set
A near set consists of subsets whose feature-space images intersect, revealing their elements share sufficiently
similar descriptive attributes or qualities (cf.[36, 37, 38, 39]).
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Definition 10. (Near Set). Let 𝑋 be a nonempty set and let
Φ = {𝜙1, 𝜙2, … , 𝜙𝑛}

be a finite family of probe functions 𝜙𝑖 ∶ 𝑋 → ℝ. Define the feature map
Φ ∶ 𝑋 ⟶ ℝ𝑛, Φ(𝑥) = (𝜙1(𝑥), … , 𝜙𝑛(𝑥)),

and extend it to subsets by
𝒬(𝐴) = {Φ(𝑎) ∣ 𝑎 ∈ 𝐴} ⊆ ℝ𝑛, 𝐴 ⊆ 𝑋.

Endow ℝ𝑛 with its usual Euclidean topology, and write 𝑆 for the closure of 𝑆 ⊆ ℝ𝑛. Then the descriptive
proximity relation 𝛿Φ on 2𝑋 is defined by

𝐴 𝛿Φ 𝐵 ⟺ 𝒬(𝐴) ∩ 𝒬(𝐵) ≠ ∅,
for any 𝐴, 𝐵 ⊆ 𝑋. Two subsets 𝐴, 𝐵 satisfying 𝐴𝛿Φ𝐵 are called descriptively near sets. In the special case when
each 𝜙𝑖 is the identity on a metric space (𝑋, 𝑑), this reduces to the spatial nearness condition

𝐴 𝛿 𝐵 ⟺ 𝐴 ∩ 𝐵 ≠ ∅.

Example 5. (Image patches with photometric–textural probes: 𝐴 𝛿Φ 𝐵 holds). Let 𝑋 = {𝑝1, … , 𝑝6} denote
16 × 16 grayscale image patches. Define two probe functions (photometric mean and edge density)

𝜙1(𝑥) = mean intensity in [0, 255], 𝜙2(𝑥) = Canny edge pixel ratio in [0, 1].
Thus Φ(𝑥) = (𝜙1(𝑥), 𝜙2(𝑥)) ∈ ℝ2. Suppose the measured features are

Φ(𝑝1) = (120, 0.20), Φ(𝑝2) = (118, 0.21), Φ(𝑝3) = (100, 0.05),
Φ(𝑝4) = (100, 0.05), Φ(𝑝5) = (60, 0.04), Φ(𝑝6) = (200, 0.30).

Take the subsets 𝐴 = {𝑝1, 𝑝2, 𝑝3} and 𝐵 = {𝑝4, 𝑝5}. Then
𝒬(𝐴) = {(120, 0.20), (118, 0.21), (100, 0.05)}, 𝒬(𝐵) = {(100, 0.05), (60, 0.04)}.

Both 𝒬(𝐴) and 𝒬(𝐵) are finite, hence closed in ℝ2: 𝒬(𝐴) = 𝒬(𝐴) and 𝒬(𝐵) = 𝒬(𝐵). Their intersection is
nonempty because

(100, 0.05) ∈ 𝒬(𝐴) ∩ 𝒬(𝐵).
Therefore,

𝒬(𝐴) ∩ 𝒬(𝐵) ≠ ∅ ⟹ 𝐴 𝛿Φ 𝐵.
Interpretation: although 𝐴 and 𝐵 contain different patches, they are descriptively near since both contain a
patch with the same photometric–textural description (100, 0.05).

Example 6. (Image patches with photometric–textural probes: 𝐴 𝛿Φ 𝐵 holds). Let 𝑋 = {𝑝1, … , 𝑝6} denote
16 × 16 grayscale image patches. Define two probe functions (photometric mean and edge density)

𝜙1(𝑥) = mean intensity in [0, 255], 𝜙2(𝑥) = Canny edge pixel ratio in [0, 1].
Thus Φ(𝑥) = (𝜙1(𝑥), 𝜙2(𝑥)) ∈ ℝ2. Suppose the measured features are

Φ(𝑝1) = (120, 0.20), Φ(𝑝2) = (118, 0.21), Φ(𝑝3) = (100, 0.05),
Φ(𝑝4) = (100, 0.05), Φ(𝑝5) = (60, 0.04), Φ(𝑝6) = (200, 0.30).

Take the subsets 𝐴 = {𝑝1, 𝑝2, 𝑝3} and 𝐵 = {𝑝4, 𝑝5}. Then
𝒬(𝐴) = {(120, 0.20), (118, 0.21), (100, 0.05)}, 𝒬(𝐵) = {(100, 0.05), (60, 0.04)}.

Both 𝒬(𝐴) and 𝒬(𝐵) are finite, hence closed in ℝ2: 𝒬(𝐴) = 𝒬(𝐴) and 𝒬(𝐵) = 𝒬(𝐵). Their intersection is
nonempty because

(100, 0.05) ∈ 𝒬(𝐴) ∩ 𝒬(𝐵).
Therefore,

𝒬(𝐴) ∩ 𝒬(𝐵) ≠ ∅ ⟹ 𝐴 𝛿Φ 𝐵.
Interpretation: although 𝐴 and 𝐵 contain different patches, they are descriptively near since both contain a
patch with the same photometric–textural description (100, 0.05).
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Example 7. (Consumer devices with price–weight probes: 𝐴 𝛿Φ 𝐵 holds). Let 𝑋 = {ℓ1, ℓ2, ℓ3, 𝑡1, 𝑡2, 𝑡3} be
devices: three laptops (ℓ𝑖) and three tablets (𝑡𝑗). Define probes

𝜙1(𝑥) = price(𝑥)
100 ∈ ℝ, 𝜙2(𝑥) = portability index = {1, weight(𝑥) ≤ 1.30 kg,

2, weight(𝑥) > 1.30 kg.
Thus Φ(𝑥) = (𝜙1(𝑥), 𝜙2(𝑥)) ∈ ℝ2. Suppose

Φ(ℓ1) = (12, 1), Φ(ℓ2) = (10, 2), Φ(ℓ3) = (9, 1),
Φ(𝑡1) = (6, 1), Φ(𝑡2) = (10, 1), Φ(𝑡3) = (12, 1).

Take the subsets 𝐴 = {ℓ1, ℓ2} (two laptops) and 𝐵 = {𝑡2, 𝑡3} (two tablets). Then
𝒬(𝐴) = {(12, 1), (10, 2)}, 𝒬(𝐵) = {(10, 1), (12, 1)}.

Again 𝒬(𝐴), 𝒬(𝐵) are finite, hence 𝒬(𝐴) = 𝒬(𝐴) and 𝒬(𝐵) = 𝒬(𝐵). We have
(12, 1) ∈ 𝒬(𝐴) ∩ 𝒬(𝐵) ≠ ∅,

so
𝐴 𝛿Φ 𝐵.

Interpretation: despite 𝐴 (laptops) and 𝐵 (tablets) being disjoint in object space, they are descriptively near
because both contain a device with the same feature description “$1200 price band and light weight’’ (12, 1).

2|Main Results: Deroughication
Intuitively, deroughication selects, for each boundary element 𝑥 ∈ 𝑈 ∖ 𝑈 , whether to include 𝑥 in a crisp output
set 𝐵 by comparing 𝜇𝑈(𝑥) against a cost-induced threshold.

Definition 11. (Deroughication Operator 𝐷𝛼,𝛽). Fix misclassification costs 𝛼, 𝛽 ≥ 0 with 𝛼 + 𝛽 > 0 where

𝛼 = cost of a false positive (include 𝑥 ∉ 𝑈), 𝛽 = cost of a false negative (exclude 𝑥 ∈ 𝑈).
Define the threshold

𝜏(𝛼, 𝛽) ∶= 𝛼
𝛼 + 𝛽 ∈ [0, 1].

Given (𝑋, 𝑅, 𝑈), the deroughication 𝐷𝛼,𝛽(𝑈) is the crisp set

𝐷𝛼,𝛽(𝑈) ∶= 𝑈 ∪ { 𝑥 ∈ 𝑈 ∖ 𝑈 ∣ 𝜇𝑈(𝑥) ≥ 𝜏(𝛼, 𝛽) }.
For the extremal case 𝛼 = 0 (no false-positive penalty), we define 𝐷0,𝛽(𝑈) ∶= 𝑈 ; for the limiting case 𝛼 → ∞
(infinite false-positive penalty), we have 𝐷𝛼,𝛽(𝑈) → 𝑈 .

The above decision rule arises from minimizing expected cost per element on the boundary. If one predicts “in
𝑈” for 𝑥, the expected cost is 𝛼⋅(1−𝜇𝑈(𝑥)); if one predicts “not in 𝑈”, the expected cost is 𝛽 ⋅𝜇𝑈(𝑥). Including
𝑥 is optimal iff

𝛼(1 − 𝜇𝑈(𝑥)) ≤ 𝛽𝜇𝑈(𝑥) ⟺ 𝜇𝑈(𝑥) ≥ 𝛼
𝛼 + 𝛽 = 𝜏(𝛼, 𝛽).

Proposition 1. (Sandwich, Extremes, Idempotence, Monotonicity). For any (𝑋, 𝑅, 𝑈) and 𝛼, 𝛽 ≥ 0 with
𝛼 + 𝛽 > 0:

(i) Sandwich: 𝑈 ⊆ 𝐷𝛼,𝛽(𝑈) ⊆ 𝑈 .

(ii) Extremes: 𝐷0,𝛽(𝑈) = 𝑈 and lim𝛼→∞ 𝐷𝛼,𝛽(𝑈) = 𝑈 .

(iii) Idempotence on definable sets: If 𝑈 is 𝑅-definable (𝑈 = 𝑈 = 𝑈), then 𝐷𝛼,𝛽(𝑈) = 𝑈 for all 𝛼, 𝛽.

(iv) Monotonicity in the threshold: If 𝜏1 ≤ 𝜏2, then 𝐷𝛼2,𝛽2
(𝑈) ⊆ 𝐷𝛼1,𝛽1

(𝑈) where 𝜏𝑖 = 𝜏(𝛼𝑖, 𝛽𝑖).
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Proof : (i) By Definition 2.1, we include 𝑈 and only select additional elements from the boundary 𝑈 ∖ 𝑈 , hence
the inclusion chain holds.

(ii) If 𝛼 = 0, then 𝜏 = 0 and every boundary element satisfies 𝜇𝑈(𝑥) ≥ 0, so all boundary points are included,
yielding 𝑈 . As 𝛼 → ∞, 𝜏(𝛼, 𝛽) = 𝛼/(𝛼 + 𝛽) → 1, so no boundary element with 𝜇𝑈(𝑥) < 1 is included, and the
limit is 𝑈 .

(iii) If 𝑈 is definable, then for all 𝑥 ∈ 𝑈 we have 𝜇𝑈(𝑥) = 1 and for all 𝑥 ∉ 𝑈 we have 𝜇𝑈(𝑥) = 0. Thus
𝐷𝛼,𝛽(𝑈) = 𝑈 ∪ {𝑥 ∈ 𝑈 ∖ 𝑈 ∶ ⋯} = 𝑈 .

(iv) If 𝜏1 ≤ 𝜏2, then {𝑥 ∶ 𝜇𝑈(𝑥) ≥ 𝜏2} ⊆ {𝑥 ∶ 𝜇𝑈(𝑥) ≥ 𝜏1}, hence the asserted set inclusion follows from the
definition. □

Remark 1. (Equivalence to Cost Minimization over Crisp Selections). Let ℱ ∶= {𝐵 ∣ 𝑈 ⊆ 𝐵 ⊆ 𝑈}. Consider
the separable risk

ℛ𝛼,𝛽(𝐵) ∶= ∑
𝑥∈𝐵∖𝑈

𝛼 ⋅ (1 − 𝜇𝑈(𝑥)) + ∑
𝑥∈𝑈∖𝐵

𝛽 ⋅ 𝜇𝑈(𝑥), 𝐵 ∈ ℱ.

By elementwise comparison, 𝐷𝛼,𝛽(𝑈) minimizes ℛ𝛼,𝛽 over ℱ. This minimizer is unique provided that

𝜇𝑈(𝑥) ≠ 𝜏(𝛼, 𝛽)
for every 𝑥 ∈ 𝑈 ∖ 𝑈 . If equality holds for some boundary element, both its inclusion and exclusion yield the
same minimum cost.

Example 8. (Medical triage with cost–sensitive deroughication). Consider 𝑋 = {1, 2, … , 12} patients. The
indiscernibility 𝑅 groups patients by (age band, CRP band) into

𝐶1 = {1, 2}, 𝐶2 = {3, 4, 5}, 𝐶3 = {6, 7, 8}, 𝐶4 = {9, 10, 11, 12}.
Let 𝑈 ⊆ 𝑋 be the set of truly infected patients (confirmed later by gold standard):

𝑈 = {1, 2, 3, 4, 6, 9}.
Lower/upper approximations:

𝑈 = {1, 2} (since 𝐶1 ⊆ 𝑈), 𝑈 = 𝑋 (each 𝐶𝑖 meets 𝑈).
Rough membership per class (constant on each 𝐶𝑖):

𝜇𝑈(𝑥) = |[𝑥]𝑅 ∩ 𝑈|
|[𝑥]𝑅| =

⎧{{{
⎨{{{⎩

1 (𝑥 ∈ 𝐶1),
2
3 ≈ 0.666 … (𝑥 ∈ 𝐶2),
1
3 ≈ 0.333 … (𝑥 ∈ 𝐶3),
1
4 = 0.25 (𝑥 ∈ 𝐶4).

Suppose a false negative (missed infection) costs 𝛽 = 2 and a false positive (unnecessary CT) costs 𝛼 = 1. The
deroughication threshold is

𝜏 = 𝛼
𝛼 + 𝛽 = 1

1 + 2 = 1
3 ≈ 0.333 … .

By Definition 𝐷𝛼,𝛽(𝑈) = 𝑈 ∪ {𝑥 ∈ 𝑈 ∖ 𝑈 ∶ 𝜇𝑈(𝑥) ≥ 𝜏}, we decide per class:

𝜇𝑈(𝐶2) = 2
3 ≥ 1

3 ⇒ 𝐶2 ⊂ 𝐷1,2(𝑈), 𝜇𝑈(𝐶3) = 1
3 ≥ 1

3 ⇒ 𝐶3 ⊂ 𝐷1,2(𝑈), 𝜇𝑈(𝐶4) = 0.25 < 1
3 ⇒ 𝐶4∩𝐷1,2(𝑈) = ∅.

Hence
𝐷1,2(𝑈) = {1, 2} ∪ {3, 4, 5} ∪ {6, 7, 8} = {1, 2, 3, 4, 5, 6, 7, 8}.

Elementwise check (explicit inequalities):
𝜇𝑈(5) = 2

3 ≥ 1
3 ⇒ 5 ∈ 𝐷1,2(𝑈), 𝜇𝑈(7) = 1

3 ≥ 1
3 ⇒ 7 ∈ 𝐷1,2(𝑈), 𝜇𝑈(10) = 0.25 < 1

3 ⇒ 10 ∉ 𝐷1,2(𝑈).
Sandwich holds: 𝑈 = {1, 2} ⊂ 𝐷1,2(𝑈) ⊂ 𝑈 = 𝑋. Operationally, the hospital escalates patients in 𝐷1,2(𝑈) for
confirmatory imaging; 𝐶4 receives watchful waiting.
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Example 9. (Credit-card fraud screening with asymmetric costs). Let 𝑋 = {𝑡1, … , 𝑡15} be transactions. The
relation 𝑅 groups them by behavior patterns:

𝐶1 = {𝑡1, 𝑡2, 𝑡3, 𝑡4}, 𝐶2 = {𝑡5, 𝑡6, 𝑡7, 𝑡8, 𝑡9}, 𝐶3 = {𝑡10, 𝑡11, 𝑡12}, 𝐶4 = {𝑡13, 𝑡14, 𝑡15}.
Let 𝑈 be confirmed frauds after investigation:

𝑈 = {𝑡1, 𝑡2, 𝑡3, 𝑡6, 𝑡13}.
Compute lower/upper approximations:

𝑈 = ∅ (no class fully in 𝑈), 𝑈 = 𝐶1 ∪ 𝐶2 ∪ 𝐶4 (since 𝐶3 ∩ 𝑈 = ∅).
Rough membership by class:

𝜇𝑈(⋅) =

⎧{{
⎨{{⎩

3
4 = 0.75 (𝐶1),
1
5 = 0.2 (𝐶2),
0 (𝐶3),
1
3 ≈ 0.333 … (𝐶4).

Set costs: false positive (blocking a legit transaction) 𝛼 = 3; false negative (missing a fraud) 𝛽 = 7. Then

𝜏 = 𝛼
𝛼 + 𝛽 = 3

3 + 7 = 0.3.

Deroughication:
𝜇𝑈(𝐶1) = 0.75 ≥ 0.3 ⇒ 𝐶1 ⊂ 𝐷3,7(𝑈), 𝜇𝑈(𝐶2) = 0.2 < 0.3 ⇒ 𝐶2 ∩ 𝐷3,7(𝑈) = ∅,

𝜇𝑈(𝐶4) = 3
1 ≥ 0.3 ⇒ 𝐶4 ⊂ 𝐷3,7(𝑈), 𝐶3 ∩ 𝑈 = ∅ ⇒ 𝐶3 ∩ 𝐷3,7(𝑈) = ∅.

Therefore
𝐷3,7(𝑈) = 𝐶1 ∪ 𝐶4 = {𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡13, 𝑡14, 𝑡15}.

Elementwise verification:
𝜇𝑈(𝑡4) = 0.75 ≥ 0.3 ⇒ 𝑡4 ∈ 𝐷3,7(𝑈), 𝜇𝑈(𝑡6) = 0.2 < 0.3 ⇒ 𝑡6 ∉ 𝐷3,7(𝑈).

Interpretation: only the high-fraud and new-merchant classes are crisp-flagged; medium-risk class 𝐶2 is not
auto-blocked because 𝛼/𝛽 makes customer friction relatively costly.

Example 10. (Manufacturing quality control: hold/rework decision). Ten lots 𝑋 = {𝑏1, … , 𝑏10} are produced.
Indiscernibility 𝑅 groups by (supplier, line):

𝐶1 = {𝑏1, 𝑏2}, 𝐶2 = {𝑏3, 𝑏4, 𝑏5}, 𝐶3 = {𝑏6, 𝑏7}, 𝐶4 = {𝑏8, 𝑏9, 𝑏10}.
NDT (non-destructive test) later reveals lots with latent defects:

𝑈 = {𝑏1, 𝑏2, 𝑏3, 𝑏7}.
Then

𝑈 = 𝐶1 = {𝑏1, 𝑏2} (entire 𝐶1 ⊂ 𝑈), 𝑈 = 𝐶1 ∪ 𝐶2 ∪ 𝐶3.
Rough membership:

𝜇𝑈(⋅) =

⎧{{
⎨{{⎩

1 (𝐶1),
1
3 ≈ 0.333 … (𝐶2),
1
2 = 0.5 (𝐶3),
0 (𝐶4).

Business costs: scrapping/tearing down a good lot (false positive) costs 𝛼 = 5; shipping a defective lot and
facing recall (false negative) costs 𝛽 = 20. Thus

𝜏 = 𝛼
𝛼 + 𝛽 = 5

25 = 0.2.

Decision by 𝐷𝛼,𝛽:

𝜇𝑈(𝐶2) = 1
3 ≥ 0.2 ⇒ 𝐶2 ⊂ 𝐷5,20(𝑈), 𝜇𝑈(𝐶3) = 0.5 ≥ 0.2 ⇒ 𝐶3 ⊂ 𝐷5,20(𝑈).

Hence
𝐷5,20(𝑈) = 𝐶1 ∪ 𝐶2 ∪ 𝐶3 = {𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6, 𝑏7}.
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Explicit checks:

𝜇𝑈(𝑏4) = 3
1 ≥ 0.2 ⇒ 𝑏4 ∈ 𝐷5,20(𝑈), 𝜇𝑈(𝑏9) = 0 < 0.2 ⇒ 𝑏9 ∉ 𝐷5,20(𝑈).

Policy reading: lots in 𝐷5,20(𝑈) are placed on hold/rework; 𝐶4 proceeds as pass. If the plant becomes more
averse to scrapping (e.g. 𝛼 = 15, 𝛽 = 20 so 𝜏 = 15/35 ≈ 0.4286), then 𝐶2 drops below threshold while 𝐶3 stays
above, giving

𝐷15,20(𝑈) = 𝐶1 ∪ 𝐶3 = {𝑏1, 𝑏2, 𝑏6, 𝑏7},
which concretely illustrates the monotonicity with respect to 𝜏 .

3|De-Hyperization from SuperHyperStructures to Hyper and
Classical Structures
De-Hyperization is the reduction from SuperHyperStructures into HyperStructures, then into classical struc-
tures, through flattening and canonical selection operations.

Definition 12. (Iterated powerset, lifting, and flattening). Let 𝑆 be a nonempty finite set. Define 𝑃 0(𝑆) ∶= 𝑆
and 𝑃 𝑟+1(𝑆) ∶= 𝑃(𝑃 𝑟(𝑆)) for 𝑟 ≥ 0.

(a) Nesting (lift) into higher levels. For any 𝑟 ≥ 1, define the canonical lift 𝜄𝑟 ∶ 𝑃 (𝑆) → 𝑃 𝑟(𝑆) recursively
by

𝜄1(𝐴) ∶= 𝐴 (⊆ 𝑆), 𝜄𝑟+1(𝐴) ∶= { 𝜄𝑟(𝐴) } ∈ 𝑃 𝑟+1(𝑆).
Thus 𝜄𝑟(𝐴) is the 𝑟-fold nested singleton containing 𝐴.

(b) Level-wise flattening of outputs. For 𝑞 ≥ 1, define Flat𝑞 ∶ 𝑃 𝑞(𝑆) → 𝑃(𝑆) by

Flat1(𝐵) ∶= 𝐵 (⊆ 𝑆), Flat𝑞+1(𝑋) ∶= ⋃
𝑌 ∈𝑋 Flat𝑞(𝑌 ).

By construction, for all 𝐴 ⊆ 𝑆 and 𝑞 ≥ 1,
Flat𝑞(𝜄𝑞(𝐴)) = 𝐴.

Definition 13. (Stage 1: de-hyperization SH → H). Fix integers 𝑚, 𝑛 ≥ 1 and arity 𝑘 ≥ 1. An (𝑚, 𝑛)–
SuperHyperStructure on 𝑆 is a map

⋆ ∶ 𝑃 𝑚(𝑆) × ⋯ × 𝑃 𝑚(𝑆)⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑘 times

⟶ 𝑃 𝑛(𝑆).

Its hyper–reduction is the hyperoperation

∘ ∶ 𝑃 (𝑆) × ⋯ × 𝑃(𝑆)⏟⏟⏟⏟⏟⏟⏟
𝑘 times

⟶ 𝑃(𝑆), ∘(𝐴1, … , 𝐴𝑘) ∶= Flat𝑛( ⋆ (𝜄𝑚(𝐴1), … , 𝜄𝑚(𝐴𝑘))).

Then ℋ ∶= (𝑃 (𝑆), ∘) is a HyperStructure on 𝑆.

Definition 14. (Stage 2: de-hyperization H → Classical). Let (𝑃 (𝑆), ∘) be a HyperStructure with ∘ ∶ (𝑃 (𝑆))𝑘 →
𝑃(𝑆). Choose a strictly order–inducing score 𝑔 ∶ 𝑆 → ℤ (or to any totally ordered set) and define the selector

Δ𝑔 ∶ 𝑃 (𝑆) ∖ {∅} ⟶ 𝑆, Δ𝑔(𝐴) ∶= arg max
𝑥∈𝐴

𝑔(𝑥),

which is well-defined and single–valued because 𝑆 is finite and 𝑔 induces a total order (break ties by a fixed
tie–rule if needed). The classical reduction is

⋅ ∶ 𝑆 × ⋯ × 𝑆⏟⏟⏟⏟⏟
𝑘 times

⟶ 𝑆, (𝑥1, … , 𝑥𝑘) ↦ Δ𝑔( ∘ ({𝑥1}, … , {𝑥𝑘}) ).

Then 𝒞 ∶= (𝑆, ⋅) is a classical 𝑘-ary structure on 𝑆.
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Proposition 2. (Recovery on singleton-lifted classical structures). Suppose a classical 𝑘-ary operation 𝑓 ∶
𝑆𝑘 → 𝑆 is lifted to an (𝑚, 𝑛)–SuperHyperStructure ⋆ by

⋆(𝜄𝑚(𝐴1), … , 𝜄𝑚(𝐴𝑘)) = 𝜄𝑛( { 𝑓(𝑥1, … , 𝑥𝑘) ∶ 𝑥𝑖 ∈ 𝐴𝑖 }),
for all 𝐴1, … , 𝐴𝑘 ⊆ 𝑆. Then the hyper–reduction (Def. 3.2) satisfies

∘(𝐴1, … , 𝐴𝑘) = { 𝑓(𝑥1, … , 𝑥𝑘) ∶ 𝑥𝑖 ∈ 𝐴𝑖 },
and the classical reduction (Def. 3.3) applied to singletons recovers 𝑓:

⋅(𝑥1, … , 𝑥𝑘) = Δ𝑔({𝑓(𝑥1, … , 𝑥𝑘)}) = 𝑓(𝑥1, … , 𝑥𝑘).

Proof : By the nested–singleton identity, Flat𝑛(𝜄𝑛(𝐵)) = 𝐵 for all 𝐵 ⊆ 𝑆. Thus
∘(𝐴1, … , 𝐴𝑘) = Flat𝑛( ⋆ (𝜄𝑚(𝐴1), … , 𝜄𝑚(𝐴𝑘))) = Flat𝑛(𝜄𝑛({𝑓(x)})) = {𝑓(x)}.

In particular, for singletons 𝐴𝑖 = {𝑥𝑖} we obtain ∘({𝑥1}, … , {𝑥𝑘}) = {𝑓(𝑥1, … , 𝑥𝑘)}, hence ⋅(𝑥1, … , 𝑥𝑘) =
Δ𝑔({𝑓(𝑥1, … , 𝑥𝑘)}) = 𝑓(𝑥1, … , 𝑥𝑘). □

Example 11. (Arithmetic on 𝑆 = ℤ5: (1, 2)–to–Hyper to Classical). Let 𝑆 = ℤ5 = {0, 1, 2, 3, 4} and arity
𝑘 = 2. Define an (𝑚, 𝑛) = (1, 2)–SuperHyperStructure

⋆ ∶ 𝑃 (𝑆) × 𝑃 (𝑆) ⟶ 𝑃 2(𝑆), ⋆(𝐴, 𝐵) ∶= { 𝐴 ⊕ 𝐵, 𝐴 ⊖ 𝐵 },
where 𝐴 ⊕ 𝐵 ∶= {𝑎 + 𝑏(mod 5) ∶ 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵} and 𝐴 ⊖ 𝐵 ∶= {𝑎 − 𝑏(mod 5) ∶ 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵}.

Stage 1 (SH→H). By Definition 3.2 with 𝑚 = 1, 𝑛 = 2,
∘(𝐴, 𝐵) = Flat2( ⋆ (𝐴, 𝐵)) = (𝐴 ⊕ 𝐵) ∪ (𝐴 ⊖ 𝐵) ⊆ 𝑆.

Stage 2 (H→Classical). Choose 𝑔(𝑥) = 𝑥 (the natural order on ℤ5). Then
𝑥 ⋅ 𝑦 ∶= Δ𝑔( ∘ ({𝑥}, {𝑦})) = Δ𝑔({𝑥 + 𝑦 (mod 5), 𝑥 − 𝑦 (mod 5)}).

Concrete computation. Take (𝑥, 𝑦) = (1, 3). Then
{𝑥 + 𝑦, 𝑥 − 𝑦} ≡ { 1 + 3 = 4, 1 − 3 ≡ −2 ≡ 3 } ( mod 5),

and Δ𝑔({3, 4}) = 4 since 4 > 3. Hence 1 ⋅ 3 = 4.

Batch example at the hyper level. Let 𝐴 = {1, 4} and 𝐵 = {2, 3}. Then
𝐴 ⊕ 𝐵 = {1 + 2, 1 + 3, 4 + 2, 4 + 3} ≡ {3, 4, 1, 2} = {1, 2, 3, 4},
𝐴 ⊖ 𝐵 = {1 − 2, 1 − 3, 4 − 2, 4 − 3} ≡ {4, 3, 2, 1} = {1, 2, 3, 4},

so ∘(𝐴, 𝐵) = {1, 2, 3, 4}.

Example 12. (SuperHypergraph → Hypergraph → Graph). Let the vertex set be 𝑆 = 𝑉 = {1, 2, 3, 4}. Fix a
family of (classical) hyperedges

𝐸 ∶= {{1, 2}, {2, 3}, {3, 4}} ⊆ 𝑃(𝑉 ).
Define an (𝑚, 𝑛) = (1, 2)–SuperHyperStructure of arity 𝑘 = 1 by

⋆ ∶ 𝑃 (𝑉 ) ⟶ 𝑃 2(𝑉 ), ⋆(𝐴) ∶= { 𝑒 ∈ 𝐸 ∶ 𝑒 ⊆ 𝐴 }.
Thus ⋆(𝐴) is the family (a subset of 𝐸) of all hyperedges fully realized inside 𝐴.

Stage 1 (SH→H). The hyper–reduction is

∘(𝐴) = Flat2(⋆(𝐴)) = ⋃
𝑒∈𝐸, 𝑒⊆𝐴

𝑒,

the set of vertices incident to realized hyperedges in 𝐴.

Concrete calculation. For 𝐴 = {1, 2, 4}, the only edge contained in 𝐴 is {1, 2}, hence ∘(𝐴) = {1, 2}. For
𝐴 = {2, 3, 4}, realized edges are {2, 3} and {3, 4}, so ∘(𝐴) = {2, 3, 4}.
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Stage 2 (H→Classical). To obtain a classical binary operation on vertices, define
𝑥 ⋅ 𝑦 ∶= Δ𝑔( ∘ ({𝑥, 𝑦})), 𝑔(1) < 𝑔(2) < 𝑔(3) < 𝑔(4).

If {𝑥, 𝑦} ∈ 𝐸 then ∘({𝑥, 𝑦}) = {𝑥, 𝑦} and 𝑥 ⋅ 𝑦 = max{𝑥, 𝑦}; otherwise ∘({𝑥, 𝑦}) = ∅. A total operation results
by adopting a fallback (e.g. 𝑥 ⋅ 𝑦 ∶= 𝑥) on the empty case. For instance:

2 ⋅ 3 = max{2, 3} = 3 (since {2, 3} ∈ 𝐸), 1 ⋅ 4 = 1 (fallback, as {1, 4} ∉ 𝐸).

Example 13. (Menus of schedules: (1, 2)–to–Hyper to Classical with explicit numbers). Let 𝑆 = {M, P, T, A}
denote Math, Physics, Tower, Aquarium. Define for 𝑘 = 2 an (𝑚, 𝑛) = (1, 2)–SuperHyperStructure

⋆ ∶ 𝑃 (𝑆) × 𝑃 (𝑆) → 𝑃 2(𝑆), ⋆(𝐴, 𝐵) ∶= { 𝑌 ⊆ 𝐴 ∪ 𝐵 ∶ |𝑌 | = 2, 𝑌 ∩ 𝐴 ≠ ∅, 𝑌 ∩ 𝐵 ≠ ∅ }.
Thus ⋆(𝐴, 𝐵) is the family of all feasible 2-stop day–plans that mix one stop from 𝐴 and one from 𝐵.

Stage 1 (SH→H). Flattening gives the hyperoperation

∘(𝐴, 𝐵) = Flat2(⋆(𝐴, 𝐵)) = ⋃
𝑌 ∈⋆(𝐴,𝐵)

𝑌 = 𝐴 ∪ 𝐵.

Stage 2 (H→Classical). Let 𝑔(M) = 4, 𝑔(P) = 3, 𝑔(T) = 2, 𝑔(A) = 1. For singletons 𝑥 = T, 𝑦 = P,
𝑥 ⋅ 𝑦 = Δ𝑔( ∘ ({𝑥}, {𝑦})) = Δ𝑔({𝑥, 𝑦}) = Δ𝑔({T, P}) = P,

and for 𝑥 = A, 𝑦 = M we obtain 𝑥 ⋅ 𝑦 = M. At the hyper level, with 𝐴 = {M, T} and 𝐵 = {P} we have
∘(𝐴, 𝐵) = 𝐴 ∪ 𝐵 = {M, P, T}.

4|De-Nearization
Intuitively, de-nearization removes conflicting evidence from two descriptively near sets so that the remaining
subsets are separated by a prescribed margin 𝜀 in the feature space.

Notation 1. Let (𝑋, Φ) be as in the Near Set definition, with Φ(𝑥) ∈ ℝ𝑛. For 𝑢 ∈ ℝ𝑛 and 𝑆 ⊆ ℝ𝑛, write
dist(𝑢, 𝑆) ∶= inf

𝑣∈𝑆
‖𝑢 − 𝑣‖2, 𝑑Φ(𝐴, 𝐵) ∶= inf

𝑢∈𝒬(𝐴), 𝑣∈𝒬(𝐵)
‖𝑢 − 𝑣‖2.

Then 𝐴 𝛿Φ 𝐵 iff 𝑑Φ(𝐴, 𝐵) = 0. For finite 𝐴, 𝐵, the closures are unnecessary.

Definition 15. (De-nearization operator via 𝜀–margin filtering). Given 𝐴, 𝐵 ⊆ 𝑋 and a margin 𝜀 ≥ 0, define
an operator 𝑇𝜀 on pairs by

𝑇𝜀(𝐴, 𝐵) ∶= ( 𝐴′, 𝐵′ ),
where

𝐴′ = {𝑎 ∈ 𝐴 ∶ dist(Φ(𝑎), 𝒬(𝐵)) ≥ 𝜀}, 𝐵′ = {𝑏 ∈ 𝐵 ∶ dist(Φ(𝑏), 𝒬(𝐴)) ≥ 𝜀}.
Starting from (𝐴(0), 𝐵(0)) = (𝐴, 𝐵), iterate

(𝐴(𝑡+1), 𝐵(𝑡+1)) ∶= 𝑇𝜀(𝐴(𝑡), 𝐵(𝑡)) (𝑡 = 0, 1, 2, … ).
Any fixed point (𝐴⋆, 𝐵⋆) of 𝑇𝜀 reachable by this iteration is called an 𝜀–de-nearization of (𝐴, 𝐵) and we write

DeNear𝜀(𝐴, 𝐵) ∶= (𝐴⋆, 𝐵⋆).

Remark 2. (Cost–sensitive variant). If removing elements has asymmetric costs 𝛼, 𝛽 ≥ 0 for 𝐴 and 𝐵, one
may choose (𝐴′, 𝐵′) solving

min
𝐴′⊆𝐴, 𝐵′⊆𝐵

𝛼 |𝐴 ∖ 𝐴′| + 𝛽 |𝐵 ∖ 𝐵′| s.t. 𝑑Φ(𝐴′, 𝐵′) ≥ 𝜀,

which always has a solution since the feasible region is finite. The fixed point of 𝑇𝜀 gives a maximal feasible
pair; among all such pairs choose a minimum–cost one.
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Example 14. (Image patches: removing the conflicting description). Use the probe space from the Near Set
example with Φ(𝑝) = (mean, edge) ∈ ℝ2. Let

Φ(𝑝1) = (120, 0.20), Φ(𝑝2) = (118, 0.21), Φ(𝑝3) = (100, 0.05),
Φ(𝑝4) = (100, 0.05), Φ(𝑝5) = (60, 0.04), Φ(𝑝6) = (200, 0.30),

and 𝐴 = {𝑝1, 𝑝2, 𝑝3}, 𝐵 = {𝑝4, 𝑝5}. Take 𝜀 = 0.01.

Step 𝑡 = 0 → 1. Distances from Φ(𝑝3) = (100, 0.05) to 𝒬(𝐵):
min {‖(100, 0.05) − (100, 0.05)‖2, ‖(100, 0.05) − (60, 0.04)‖2} = 0 < 0.01,

so 𝑝3 is deleted from 𝐴. Similarly for 𝑝4 w.r.t. 𝒬(𝐴):
min {‖(100, 0.05) − (120, 0.20)‖2, ‖(100, 0.05) − (118, 0.21)‖2, 0} = 0 < 0.01,

so 𝑝4 is deleted from 𝐵. All other points satisfy (explicitly),

‖(120, 0.20) − (60, 0.04)‖2 = √(60)2 + (0.16)2 > 0.01,

‖(118, 0.21) − (60, 0.04)‖2 = √(58)2 + (0.17)2 > 0.01,
and remain.

Fixed point. We obtain (𝐴⋆, 𝐵⋆) = ({𝑝1, 𝑝2}, {𝑝5}), and

𝑑Φ(𝐴⋆, 𝐵⋆) = min {‖(120, 0.20) − (60, 0.04)‖2, ‖(118, 0.21) − (60, 0.04)‖2} > 0.01 = 𝜀.

Thus DeNear0.01(𝐴, 𝐵) = ({𝑝1, 𝑝2}, {𝑝5}), concretely separating the classes by removing the sole conflicting
description (100, 0.05) from both sides.

Example 15. (Devices with price–weight features: cost–sensitive de-nearization). Let Φ(𝑥) = (price/100, portability)
with the data

Φ(ℓ1) = (12, 1), Φ(ℓ2) = (10, 2),
Φ(𝑡2) = (10, 1), Φ(𝑡3) = (12, 1).

Take 𝐴 = {ℓ1, ℓ2}, 𝐵 = {𝑡2, 𝑡3} and 𝜀 = 0.5. Note the conflict: (12, 1) occurs in both 𝐴 and 𝐵 so 𝑑Φ(𝐴, 𝐵) = 0.

Suppose removing an 𝐴–item costs 𝛼 = 1 and removing a 𝐵–item costs 𝛽 = 3. Compare two feasible candidates:

(i) Drop ℓ1 from 𝐴: 𝐴′ = {ℓ2}, 𝐵′ = {𝑡2, 𝑡3}. Then

dist(Φ(ℓ2), (10, 1)) = |(2) − (1)| = 1, dist(Φ(ℓ2), (12, 1)) = √(2)2 + (1)2 =
√

5 ≈ 2.236,
so 𝑑Φ(𝐴′, 𝐵′) = min{1,

√
5} = 1 ≥ 𝜀. Cost = 1.

(ii) Drop 𝑡3 from 𝐵: 𝐴′ = {ℓ1, ℓ2}, 𝐵′ = {𝑡2}. Here

min {‖(12, 1) − (10, 1)‖2, ‖(10, 2) − (10, 1)‖2} = min{2, 1} = 1 ≥ 𝜀.
Cost = 3.

Hence the minimum–cost solution is (i):

DeNearcost
0.5 (𝐴, 𝐵) = ({ℓ2}, {𝑡2, 𝑡3}),

with explicit margin 𝑑Φ = 1 and total cost 1.

Theorem 1. (Termination, separation, maximality). Assume 𝐴, 𝐵 are finite. Then for any 𝜀 ≥ 0 the sequence
(𝐴(𝑡), 𝐵(𝑡)) defined above stabilizes in at most |𝐴| + |𝐵| iterations at a fixed point (𝐴⋆, 𝐵⋆) satisfying:

(i) (Separation) 𝑑Φ(𝐴⋆, 𝐵⋆) ≥ 𝜀.

(ii) (Maximality under inclusion) If 𝐴⋆ ⊆ 𝐴 ⊆ 𝐴 and 𝐵⋆ ⊆ 𝐵 ⊆ 𝐵 with 𝑑Φ(𝐴, 𝐵) ≥ 𝜀, then (𝐴, 𝐵) =
(𝐴⋆, 𝐵⋆).
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Proof : Each step only deletes points, so |𝐴(𝑡)|+|𝐵(𝑡)| is nonincreasing and strictly decreases whenever a violation
occurs; hence stabilization occurs in ≤ |𝐴| + |𝐵| steps, yielding a fixed point (𝐴⋆, 𝐵⋆). At a fixed point, by
construction every 𝑎 ∈ 𝐴⋆ satisfies dist(Φ(𝑎), 𝒬(𝐵⋆)) ≥ 𝜀, and every 𝑏 ∈ 𝐵⋆ satisfies dist(Φ(𝑏), 𝒬(𝐴⋆)) ≥ 𝜀.
Therefore 𝑑Φ(𝐴⋆, 𝐵⋆) ≥ 𝜀, proving (i). For (ii), if we add back any deleted element 𝑎̂ ∈ 𝐴 ∖ 𝐴⋆ (or 𝑏̂ ∈ 𝐵 ∖ 𝐵⋆),
its defining deletion inequality shows dist(Φ( ̂ ⋆)) < 𝜀 (or the symmetric one), which reduces 𝑑Φ below 𝜀.
Hence no proper superset preserves the margin, proving maximality. □

5|Conclusion

In this paper, we introduced three reduction processes: de-roughication, de-hyperization, and de-nearization.
De-roughication transforms rough approximations into crisp decision sets using cost-sensitive thresholds. De-
hyperization reduces SuperHyperStructures to HyperStructures and then to classical structures through lifting,
flattening, and selection procedures. De-nearization separates descriptively near sets by removing conflicting
elements while preserving a prescribed feature-space margin. The established properties and illustrative appli-
cations demonstrate that these processes provide systematic tools for simplifying uncertain, hierarchical, and
higher-order structures. Future work may investigate their extensions to infinite settings, alternative uncertainty
models, computational algorithms, and broader practical applications.
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